A numerical method is proposed for solving singularly perturbed one-dimensional parabolic convection-diffusion problems. The method comprises a standard implicit finite difference scheme to discretize in temporal direction on a uniform mesh by means of Rothe's method and B-spline collocation method in spatial direction on a piecewise uniform mesh of Shishkin type. The method is shown to be unconditionally stable and accurate of order O(( x) 2 + t). An extensive amount of analysis has been carried out to prove the uniform convergence with respect to the singular perturbation parameter. Several numerical experiments have been carried out in support of the theoretical results. Comparisons of the numerical solutions are performed with an upwind finite difference scheme on a piecewise uniform mesh and exponentially fitted method on a uniform mesh to demonstrate the efficiency of the method.
Introduction
In this paper we consider the one-dimensional parabolic convection-diffusion problem where is a diffusion coefficient or singular perturbation parameter satisfying 0 < >1, a(x) is the velocity, f (x, t) − b(x)u is the reaction term. We assume that the functions a(x), b(x) and the initial condition u 0 (x) are sufficiently smooth, so that the solution u of problem (1.1) will be smooth on most of the domain D. In this paper, we only consider the case a(x) > 0 and b(x) 0, such that, the boundary layer is located at x = 1 and condition b(x) 0 ensures the uniqueness of the solution (see [9, 3, 13] ). This type of problem arises in various fields of physics and engineering, for example, in the study of the convective heat transport problems with high Peclet numbers [6] , the linearized Burgers equation or the Navier-Stokes equations at high Reynolds numbers [5] and the drift diffusion equation of semi-conductor device modeling [10] . In general, the solution of this problem possesses a boundary layer on the right side of the rectangular domain, when the singular perturbation parameter is small [13] . The presence of the singular perturbation parameter, , leads to occurrences of wild oscillations in the computed solutions using classical central finite difference schemes and finite element methods with piecewise polynomial basis functions. Therefore, in order to avoid these oscillations, an unacceptably large number of mesh points are required when is very small. On the other hand, the use of upwind differences for the convection terms introduces artificial diffusion which may be larger than the viscosity of the fluid. Therefore, in order to overcome these drawbacks associated with classical finite difference and finite element methods, we need to derive a method using a class of special piecewise uniform meshes introduced in [9] , which are constructed a priori as a function of the singular perturbation parameter , the coefficient of the convection term and the number of mesh points N used in the spatial direction. Recently, there has been a lot of effort in developing numerical methods for the solution of singular perturbation problems that are uniformly convergent. Clavero et al. [2] give a uniform convergent numerical method with respect to the diffusion parameter to solve the one-dimensional time-dependent convection-diffusion problem. They used the implicit Euler method for the time discretization and the simple upwind finite difference scheme on a Shishkin mesh for the spatial discretization in [2] . Ramos presented an exponentially fitted method for singularly perturbed, one-dimensional (convection-diffusion) parabolic problems, and showed its uniform convergence in the perturbation parameter [12] . Surla and Jerkovic considered a singularly perturbed boundary value problem using a spline collocation method in [17] . Sakai and Usmani gave a new concept of B-spline in terms of hyperbolic and trigonometric splines which are different from the earlier ones [15] . It is proved that the hyperbolic and trigonometric B-splines are characterized by a convolution of some special exponential functions and a characteristic function on the interval [0,1]. Again Sakai and Usmani have considered an application of simple exponential splines for the numerical solution of a singular perturbation problem [16] . They found that their collocation method required less computational effort than that for other exponential type splines. Their method gives twice continuously differentiable approximate solutions.
In this paper, we present a B-spline collocation method to solve singularly perturbed, one-dimensional time-dependent convection-diffusion problem. The main purpose is to analyze the efficiency of the B-spline collocation method for such problems and to provide a layer-resolving parameter-uniform method with sufficient accuracy. We focus on decomposing the global error in two components which are analyzed separately. At the first stage, our method is based on the discretization of the time variable by means of Rothe's method [14] , with the implicit Euler method and freezing the coefficients of the resulting ordinary differential equation at each time step. Such a semi-discretization method yields elliptic linear differential equations at each time step, for which there is a large amount of literature on theoretical aspects such as, existence and uniqueness [4] . For the sake of simplicity, we consider a constant time step. We prove uniform convergence with respect to both the parameters t and . At the second stage, we use a B-spline collocation method on the linear ordinary differential equations at each time step resulting from the time semi-discretization, with a piecewise uniform mesh of Shishkin type. In fact, we prove that the B-spline collocation method provides uniform convergence in and x. Combining the results obtained in both stages, we conclude that our scheme is uniformly convergent.
The paper is organized as follows. In Section 2, we discuss the continuous problem and show the boundedness of the exact solution of the continuous problem and prove the maximum principle. In Section 3, we discretize the temporal variable by means of the implicit Euler method with a uniform step size t. In this section, we also prove uniform convergence with respect to and t. In Section 4, we introduce a Shishkin mesh and use a B-spline collocation method for the family of elliptic problems resulting from the temporal semi-discretization. In Section 5, we derive uniform convergence of the B-spline collocation method and deduce the uniform convergence of the totally discrete method. In Section 6, numerical results and discussions are presented and comparisons are made with other solutions based on upwind difference scheme given by Clavero et al. [2] with a piecewise uniform mesh and an exponentially fitted method proposed by Ramos [12] . A summary of the main conclusions is given at the end of the paper in Section 7. Throughout the paper we use C (sometimes subscripted) as a generic positive constant independent of , the spatial and temporal mesh parameters.
Continuous problem
We consider the following singularly perturbed one-dimensional parabolic problem:
where
with initial condition
and boundary conditions
is the singular perturbation parameter, a(x), b(x) and f (x) are sufficiently smooth functions with
We impose the compatibility conditions u 0 (0) = 0 and u 0 (1) = 0, so that the data matches at the two corners (0, 0) and (1, 0). These conditions guarantee that there exist a constant C such that for all (x, t) ∈D
The reduced problem, by setting = 0 in Eq. (2.1a), is given by
This is a first order hyperbolic equation with initial data specified along two sides t = 0 and x = 0 of the domainD. For small values of the solution u(x, t) of Eq. (2.1) will be very close to u r (x, t) . In order to obtain error bounds of the solution of the difference scheme, it is assumed that the solution of the reduced problem (2.5) is sufficiently smooth. For the bounds on the derivatives of the solution u(x, t) of Eq. (2.1), we may assume, without loss of generality, the initial condition to be zero (see [1] 
Using the differential operator on gives
and at the point (x * , t * ) the value of the above operator is given by
since we have
With the above estimates, Eq. (2.9) gives
This is a contradiction and thus our original assumption is false and we can conclude that the minimum of is nonnegative.
Lemma 3.
Under the assumption of Lemmas 1 and 2, the bound on the derivative of u with respect to t is given by
Proof. On the boundaries x = 0 and 1 ofD, we have u = 0, therefore u t = 0. On the boundary t = 0, we have u = 0, therefore, u x = 0 and u xx = 0. Hence from Eq. (2.1), we get
On choosing C 1 sufficiently large, we have
We consider the operator L defined as
Since L satisfies the maximum principle onD, we can conclude by the above estimates that
Lemma 4. The bound on the derivative of u with respect to x is given by
Proof. For fixed t ∈ [0, T ], the result is obtained by using the argument of Kellogg and Tsan [8] on the line segment (x, t) : 0 x 1.
Lemma 5. Using Lemmas 1-4, the bound on the derivatives of the solution u(x, t) is given by
Here i and j are nonnegative integers such that 0 i 3 and 0 i + j 3.
Proof. For the proof, see Kadalbajoo and Awasthi [7] .
Temporal discretization
We use Rothe's technique [14] to discretize the time variable by means of the implicit Euler method with uniform step size t, to get the following system of linear ordinary differential equations:
with boundary conditions,
whereû ≡ u n+1 is the solution of Eq. (3.1) at the (n + 1)th time level. Here u n = u(x, t n ), and t is the time step, the superscript denote nth time level, i.e., t n = n t, and t ≡ t n+1 . Rewrite Eq. (3.1) as
The local truncation error of the time semi-discretization method (3.2) is given by n+1 ≡û(t n+1 ) −û n+1 , wherê u n+1 is the computed solution of the boundary value problem
Local error estimate of each time step contribute to the global error in the temporal discretization which is defined, at t n , as E n ≡ u(x, t n ) −û n (x).
Lemma 6 (Local error estimate). The local error estimate in the temporal direction is given by
where n+1 ≡û(t n+1 ) −û n+1 is the local truncation error in temporal direction.
Proof. For the proof, see [2] .
Theorem 7 (Global error estimate). With the help of Lemma 6, we have
Proof. Using the local error estimate up to the nth time step given by Lemma 6, we get the following global error estimate at (n + 1)th time step
where C is a positive constant independent of and t.
Numerical scheme in spatial direction
In this section, we introduce a piecewise uniform mesh¯ N and study a B-spline collocation method for the family of linear differential equations resulting from the time discretization with a Shishkin mesh, generated as follows:
Shishkin mesh
Shishkin meshes are piecewise-uniform meshes which condense approximately in the boundary layer regions as → 0. This is accomplished by the use of a transition parameter , which depends naturally on , and crucially on N. Thus for a given N and , the interval [0,1] is divided into two subintervals, [0, 1 − ], [1 − , 1] , where the transition parameter is given by ≡ min{ 1 2 , K log N}, the value of the constant K depends on the scheme being used.
Definẽ
where N is the number of discretization points and the set of mesh points¯ N = {x i } N i=0 with
i.e., the finite interval [0, 1] is partitioned into N finite elements by the nodes
, whereh is the piecewise uniform mesh spacing.
B-spline collocation method
We define L 2 (¯ ), as the space of all square integrable functions on¯ , and X is a linear subspace of L 2 (¯ ). For i = −1, 0, . . . , N + 1, we define cubic B-splines by the following relationships [11] :
is also a piecewise cubic with knots at¯ N and i (x) ∈ X.
Let L be a linear operator whose domain is X and whose range is also in X. Let be a linearly independent subset of X. Now suppose the approximate solution is given by
where c i are unknown real coefficients and i (x) are cubic B-spline functions. Here we have introduced two extra splines −1 and N+1 to force U(x) to satisfy the same boundary data asû(x). By forcing U(x) to satisfy the collocation equations plus the boundary conditions, we have
and
Solving the collocation equations (4.5) leads to the (N + 1) linear equations in (N + 3) unknowns
where a(
, we get
The given boundary conditions become 
. . , g N ) T , and the coefficient matrix
Since d(x) > 0, it is easily seen that the matrix A is strictly diagonally dominant, hence nonsingular. Since A is nonsingular, we can solve the system (4.13) for c 0 , c 1 , . . . , c N and substitute into the boundary conditions given by Eqs. (4.9), (4.10) to obtain c −1 and c N+1 . Hence the method of cubic B-spline collocation applied to problem (1.1) has a unique solution U(x) at time level t n+1 .
Derivation for uniform convergence
In this section, we prove that the B-spline collocation method has uniform convergence of order two in the spatial domain for our problem. For the derivation of uniform convergence we first prove the following lemma:
At any node x i , we have
Also we have
Hence this proves the lemma. 
where M is a positive constant independent of h c and .
Proof. To estimate the error û(x) − U(x) ∞ , let Y n be the unique spline interpolate from 3 
, and it follows from De Boor-Hall error estimates that
where h c = max(h 1 , h 2 ) and j 's are constants independent of h c and N. Let
It follows immediately from the estimates of Eq. (5.1) that
T . Now from system (4.13) and Eq. (5.3), it is clear that the
T , satisfies the inequality
is the ith equation
T , then we define e i = | i | andẽ = max 1 i N |e i |. Now Eq. (5.5) becomes
Taking absolute value with sufficiently small h c , we have
Since 0 < a * a(x) and 0 < d * d(x) for all x, we get
In particular, 
, it is easy to see that there exists a constant such that 14) where is independent of . The above inequality enables us to estimate 
where C is independent of mesh parameters and .
Proof.
Follows from Theorems 7 and 9.
Numerical results and discussions
In this section, we discuss the numerical results obtained in the integration of some problems of type (1.1). In all the examples considered in this paper we start with N = 16 and t = 0.1 and we multiply N by two and divide t by two.
Example 1.
In the first example, we take a(x) = 1, b(x) = 0, T = 1 and we determine u 0 (x) and f (x, t) to get the exact solution, given by
where C 1 = e −1/ and C 2 = 1 − e −1/ . Since we have an analytical solution for this problem, the pointwise error can be calculated as
where the superscript denotes the number of mesh points in the spatial direction, t n = n t and t is the time step. The maximum nodal error is given by
The -uniform maximum nodal error is defined by E N, t = max E N, t and the numerical rate of convergence is given by
The numerical -uniform order of convergence is given by
Numerical results are presented in Table 1 with a uniform mesh and in Table 4 with a Shishkin mesh.
Example 2. In this example, we take a(x)
An exact solution is not available for this problem. Therefore, the pointwise errors are estimated as
The maximum pointwise error and the numerical rate of convergence are determined as in Example 1 and the results are shown in Table 2 with a uniform mesh and in Table 5 with a Shishkin mesh. Example 3. In this example, we take a(
Again, we do not have an exact solution. Therefore the pointwise and maximum nodal errors and the numerical order of convergence are calculated as in Example 1. Computed results are displayed in Table 3 with a uniform mesh and in Table 6 with a Shishkin mesh.
The numerical results presented in Tables 1-3 clearly indicate that the proposed scheme with uniform mesh is not uniformly convergent for sufficiently small value of and the maximal nodal error increases as the number of mesh points increases. To overcome this drawback, we have used a class of special piecewise uniform meshes known as Shishkin meshes. The numerical results displayed in Tables 4-6 clearly indicate that the proposed method based on a B-spline collocation with Shiskin mesh is -uniformly convergent. The proposed numerical method is accurate of order O(( x) 2 + t). Numerical results show that for a fixed value of pointwise errors and the maximum nodal errors decrease as the number of mesh points increases. In this paper, numerical results generated by the proposed scheme indicate that the maximal nodal errors are smaller and the -uniform rate of convergence are larger, respectively, than those obtained by means of upwind differences in piecewise uniform meshes [2] . In some cases, the order of convergence is slightly lower than that obtained by Clavero et al. [2] , while the pointwise error is smaller than that of [2] . It has been seen that in some cases the proposed scheme has an order of convergence greater than two. Numerical results for Examples 1-3 show that -uniform rate of convergence of the proposed scheme with piecewise uniform mesh is larger than that obtained by an exponentially fitted method with uniform meshes given in [12] and its maximal nodal errors for Example 3 are smaller than those of the latter. For Example 2, the maximal nodal errors of the proposed scheme are almost the same as those given by Ramos [12] . Numerical solution profiles for Examples 1-3 are given in Figs. 1-3 and 2 −24 . Figs. 1-3 clearly indicate that the boundary layer is located at the right side of the rectangular domain. It has been observed that the maximum pointwise errors arise near the transition point due to the abrupt change in the mesh size at the transition point, especially for small values of the perturbation parameter. Moreover, in some cases, it has been observed that these large changes in the mesh size at the transition point may result in ill-conditioned matrices. Therefore, to avoid strong differences in the size of successive meshes at the transition point, smooth layeradapted meshes can be designed by considering the compressed meshes in the outer region [0, ], so that mesh spacing decreases in a continuous manner from 0 to . Layer resolving meshes based on exponential functions or geometric progressions, are also examples of smooth meshes. Also, it may be conjectured that the maximum errors are due to the location of the transition point, and the different sizes in the inner and outer solutions at the transition point.
In the exponentially fitted method with a uniform mesh [12] , Ramos considers the implicit Euler discretization for the time derivative, freezing the coefficients of the resulting ordinary differential equations, and the analytical solution of the resulting differential operator, which accounts for convection, diffusion, reaction and the transient terms. This method is first order accurate as tends to zero, whereas the proposed B-spline collocation method is second order uniformly convergent in the spatial direction. This exponentially fitted method [12] does not resolve the boundary layer but still provides accurate solutions with a uniform mesh, whereas the proposed method is boundary-layer resolving and provides almost the same accuracy as obtained by an exponentially fitted method [12] . It has been seen that the exponentially fitted method with piecewise uniform Shishkin mesh is less accurate than when the same technique is used on a uniform mesh. Also the B-spline collocation method ensures that the solution of the semi-discrete problem is continuous in the spatial domain¯ , whereas the exponentially fitted method [12] provides globally continuous solutions in the subinterval [x i−1 , x i+1 ] and the upwind finite difference scheme [2] gives the solution only at the chosen mesh points.
Conclusions
A numerical method is developed to solve a one-dimensional singularly perturbed parabolic initial-boundary value problem. This method is based on the implicit Euler method for the temporal discretization and the B-spline collocation method in the spatial direction with a piecewise uniform Shishkin mesh for the system of ordinary differential equations resulting from the time discretization. The method is shown to be uniformly convergent i.e., independent of mesh parameters and perturbation parameter . The performance of the proposed scheme is investigated by comparing the results with those of the upwind finite difference scheme with a piecewise uniform mesh for three well-known linear problems. It has been found that the proposed algorithm gives highly accurate numerical results and higher order of convergence than an upwind finite difference scheme. It has also been seen that the accuracy in the numerical results for the proposed scheme is comparable to that obtained by the exponentially fitted method with a uniform mesh [12] . The proposed method gives, in fact, more accurate results than many other boundary-layer resolving methods.
